We present the latest results of our fast physical optics simulations of the ESA PLANCK HFI beams. The main beams of both polarized and non-polarized channels have been computed with account of broad frequency bands for the final design and positions of the HFI horns. Gaussian fitting parameters of the broadband beams have been presented. Beam polarization characteristics and horn defocusing effects have been studied.
As an alternative, we developed a dedicated fast PO simulation method which is specifically designed for large multi-beam multi-reflector systems with broadband channels and multi-mode structure of the horn field. 7, 8 The method allows us to perform rigorous PO+PO TE/TM-mode simulations of the main beams of large telescopes such as PLANCK in a few minutes for mono-mode mono-frequency channels (as the beams transmitted by telescope) and in about an hour for the broad-band polarization-averaged multi-mode channels of the highest frequencies.
We compute the beam patterns of the IQU V Stokes parameters on the sky by propagating the source field from the apertures of corrugated horns through the telescope mode-by-mode, with integration over the frequency band and with account of all polarizations of the field of non-polarized channels. 8 The aperture field of horns has been computed by the scattering matrix approach. 9 The effective modes of the electric field at the horn aperture, E nm , are represented via the canonical TE-TM modes E nj of a cylindrical waveguide as follows
where S nmj = S nmj (f ) is the scattering matrix provided by E. Gleeson 9 for each horn at various frequencies f (S nmj is used as an input in this work), n = 0, 1, ..., N is the azimuthal index and m, j = 1, 2, ..., 2M are the radial indices accounting for both the TE (m, j = 1, ..., M ) and TM (m, j = M + 1, ..., 2M ) modes.
The beam data are computed assuming smooth telescope mirrors of ideal elliptical shape, of perfect electrical conductivity of their reflective surfaces, and of ideal positioning of mirrors and horn antennas. The total beam power is found as a sum of powers of all modes propagated to the sky with account of all contributing polarization directions. Similarly, the broadband beam patterns of Stokes parameter are the sums of the relevant patterns of all the modes at all the frequencies of the bandwidth. In mono-mode beams, the E nm modes sum up effectively to a single mode which is of one unit of total power, almost Gaussian in shape and, for the polarized channels, of nearly perfect linear polarization on the horn aperture.
Our latest simulations of the PLANCK HFI beams provide the updates to the beam data published in Ref. 6 . There are five essential corrections to those data: (1) the horn design is slightly changed (mainly, due to the manufacturing procedure) so that the horns are slightly elongated compared to those in Ref. 6, (2) the horn positions are now the final ones, (3) both broadband and monochromatic beams are computed, (4) root-meansquare beam fitting is performed, (5) the gains of mono-mode non-polarized beams are corrected (they should be increased in Ref. 6 by 3 dB while the gains of multi-mode horns remain correct for those horns at those positions).
The horn positions are specified by the aperture refocus parameter R A = R F + R C where R A is the distance along the horn axis from the reference detector plane to the horn aperture, R F is the similar distance to the point F of the geometrical focus of telescope on this axis, and R C is the distance from the point F to the horn aperture. The best refocus R A0 is found by minimizing the angular width of the broad-band beams (simultaneously, it appears to maximize the gain, even in the case of complicated multi-mode beams). At the best refocus, R C0 = R A0 − R F specifies the focal center of the horn. This is the point inside the horn which is superimposed with the telescope focal point F when R A = R A0 .
The horn positions used in this paper are those of the final design. They differ in some cases from the ones used in Ref. 6 . The final positions are specified by the values of R C in Table 1 . Generally, these R C are sufficiently close to the best refocus values R C0 found for the broadband horns of the final design ( Fig. 1 ). beams, pairs of orthogonal polarization channels (a, b) are built into each horn by using polarization-sensitive bolometers. 4 The two other measurements needed to evaluate the Q and U Stokes parameters are obtained less than a second later, when the sister beam observes the same pixel, due to the spinning of the satellite.
Broad frequency bands improve the power and polarization patterns of the HFI beams compared to those in Refs. 6: the difference of the broadband I patterns of two channels of the same beam is less than 1% of maximum power ( Fig. 2, a) . The mismatch of sister beams when superimposed on the sky is much greater (up to 5 − 8%) and depends on the horn location in the focal plane. 6, 8 The difference of the mono-frequency and broadband I patterns of the same beam normalized to the unit total power is, typically, about 1 − 2% ( Fig. 2, b ). 
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GAUSSIAN FITTING OF THE PLANCK HFI BEAMS
As a development of previous work, 6 in this paper we compute the broadband HFI beams (Fig. 3 ). The broadband computations are particularly important for the multi-mode beams which have a complicated modal structure depending essentially on the frequency within the band. These beams are computed using up to 11 modes in the band f = 455 − 635 GHz for the HFI-545 beams and up to 16 modes in the band f = 716 − 998 GHz for the HFI-857 beams. All the HFI beams are computed with nine sampling frequencies in each frequency band that is sufficient for the broadband simulations in the limited area of the main beams. The main results including the Gaussian fitting parameters of the beams are presented in Table 2 .
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HFI-100-3-a, f = 84 .. 116 GHz The IQU V beam patterns are presented as functions of the (ϕ SC , η SC ) coordinates on the sky (η SC = 90 • − θ SC ) as viewed from the sky to the telescope in the spherical frame of spacecraft (SC), with the azimuthal and polar angles ϕ SC and θ SC , respectively, and with the polar axis being the nominal spin axis of telescope (the center of the focal plane corresponds to ϕ SC = 0 • and η SC = 5 • ). In this representation, the Q and U Stokes parameters, being frame-dependent, are defined with respect to ϕ SC as the first axis (pointing to the right when viewed from the sky to the telescope) and η SC as the second axis (pointing upwards).
The polarization angle Ψ E of the beam field is measured from the positive direction of the ϕ SC axis to the direction of major axis of polarization ellipse of the electric field E, with the positive angles counted towards the positive direction of the η SC axis. So, Ψ E is measured counter-clockwise from the parallels of the SC frame as viewed from the sky, in accordance with the definition of Q and U . In this case, tan(2Ψ E ) = U/Q. This equation allows one to compute the polarization angle of the polarized component of partially polarized incoherent beams using the broadband values of U and Q.
The nominal values of Ψ E for the a-channels are Ψ E = 135 • for the beams HFI-143-1/2, 217-5/6 and 353-3/4, Ψ E = 90 • for the beams HFI-143-3/4, 217-7/8 and 353-5/6, and Ψ E = 112.5 • , 135 • , 90 • and 67.5 • for the beams HFI-100-1, 2, 3 and 4, respectively. The complementary b-channels have the PSB polarization directions in the horns precisely orthogonal to those of a-channels. On the sky, non-orthogonality of polarization is less than 0.03 • for the beam-average angles Ψ E and, typically, less than 0.10 • for the polarization angles on the beam axes. Generally, the beam-average angles Ψ E coincide with the required nominal values better than by 0.01 • , though some on-axis values may differ by about 0.1 • .
For the polarized beams, along with the distortion of polarization, some depolarization appears when the field propagates from the ideal PSB through the horn and the telescope. Similarly, for the non-polarized beams, small polarization arises. These effects are represented by the deviations of the QU V Stokes parameters from the ideal values across the beam patterns. The bounds on these non-idealities are found as δV = max(|V |/I max ) and δL = max(δQ, δU ) where δQ = max(|Q − Q 0 |/I max ), δU = max(|U − U 0 |/I max ) and I max = max(I), with Q 0 and U 0 being the ideal values of Q and U , respectively (the values when the degree of polarization is either one or zero and the polarization angle Ψ E is equal to its nominal value across the whole beam). Notice, that the beam-average non-idealities δV B and δL B are much smaller than the maximum values δV and δL.
In this work, we fit the intensity Stokes parameter patterns I(ϕ SC , η SC ) by the elliptical Gaussian beams F (ϕ SC , η SC ). We normalize all the Stokes parameters so that max(I) = 1. In the original PO simulated beams, the power per one steradian, P [Watt/sr], is computed with account of all contributing modes and polarizations, in the units of power P 0 [Watt/sr] radiated per one steradian by an isotropic source with the power of one mode of single polarization. Then, the original patterns P (ϕ SC , η SC ), when presented in dBi, are computed as follows Proc. of SPIE Vol. 5487 545
where P max [dBi] is the power gain of the original beam in the units of power P 0 of an isotropic source of one mode of single polarization. The power of one mode constituting the unit P 0 is defined as being radiated (or received) by the bolometer of the given cross-section s B accounted in the scattering matrix S nmj .
With the incident radiation characterized by the Stokes parameters {I sky , Q sky , U sky , V sky } (in absolute units, so that I sky [Watt/(sr · Hz)] is the sky brightness), the total power S α [Watt] absorbed by the bolometer in the frequency band ∆f (the channel response) is evaluated as Table 2 are given per unit frequency range).
For the beam fitting, we use the elliptical Gaussian function
where p = xcos(τ ) (2), ϕ SC0 and η SC0 are the angular coordinates of the center point (the point of maximum power) of the fitting elliptical Gaussian beam in the SC frame, W max and W min are the full beam widths at half magnitude measured along the major and minor axes of the fitting beam ellipse, respectively, and τ is the angle from the ϕ SC axis to the major axis of the beam ellipse measured counter-clockwise as viewed from the sky to the telescope (Fig. 4, a) . According to this definition, for each HFI beam, there are six fitting parameters (W max , W min , ϕ SC0 , η SC0 , τ , and A) which can be found by minimizing the relevant aim function that quantifies the deviation of the elliptical Gaussian fit from the given PO simulated beam. One can propose a variety of the aim functions to evaluate the difference between the fit and the actual beam. Because the basic quantity of interest is the power contribution to the PSB readout, it is the deviation of the beam power profile from the Gaussian fit that has to be minimized. Still, even in this special case, the aim function can be defined in various ways, see Ref. 6 .
Unlike the options listed in Ref. 6 , in this paper we use the root-mean-square (RMS) misfit of the beam pattern as the aim function. The latter is defined as
though the fitting error in Table 2 is estimated as the maximum of δF = |F − I|. In addition, we require the conservation of the total power of the beam P B = F dΩ = IdΩ so that the number of independent fitting parameters reduces to five.
RESULTS AND COMMENTS
The RMS Gaussian fitting parameters of the broadband HFI beams are shown in Table 2 . Overview of the data in Table 2 shows that the peak errors of the elliptical Gaussian fit with respect to the original beams is, typically, about 2% of maximum power for the mono-mode quasi-Gaussian beams HFI-100, 143, 217 and 353 ( Fig. 4, b) , while being up to 40% for the essentially flat-top multi-mode beams HFI-545 and 857. The error of 2% is quite significant, being comparable to the difference between mono-frequency and broad-band beams of polarized channels and usually greater than the difference between the beams of orthogonal polarizations of the same horns (see Section 2) . This means that the elliptical Gaussian fit should be considered as a first term of a more advanced fitting to be developed later.
On the other hand, the fitting error remains smaller than the typical difference between the beams of two different complementary horns (the latter is about 5%). It means that the elliptical Gaussian fits are quite capable of accounting for the beam mismatch effects essential for polarization measurements.
Another essential observation is that the beam width of the Gaussian fit, W F , is noticeably smaller than the typical width of the original beam, W B , evaluated as a diameter of the circle of the same area as bounded by the 3dB isolevel (W B = W 3dB ), though it is close to the diameter of the area bounded by the isolevel encompassing 50% of the total power of the beam (W B = W 50 ), see Fig. 1 , a. The reason is that the real beams have specific shape at the top, tending to be flat-top, though more complicated. This happens even to quasi-Gaussian beams (more so to the broadband ones, see Fig. 2, b) both due to the field propagation via the horns and via the telescope, though multi-mode beams are significantly more flat-top because of their complicated modal composition. As a result, the original beams at half magnitude are always wider compared to the Gaussian fits at their half magnitude, respectively. More complicated beam fitting, when using additional terms, would be able to represent the width of the original beams with a better accuracy.
CONCLUSION
We present the results of our simulations of the broadband HFI beams of the ESA PLANCK Surveyor. The beams are computed by multi-mode physical optics propagation of the source field from the apertures of corrugated horns simulated by the scattering matrix approach. The horns of the final design at the actual positions in the focal plane of the telescope have been used.
Broad frequency bands of the HFI channels are shown to improve both the beam power and polarization patterns. Perfect alignment of polarization along the required directions is confirmed by small and symmetric deviations of the respective Q or U patterns from the ideal values. Peak difference of power patterns of orthogonal polarization channels, due to the usage of orthogonal pairs of polarization sensitive bolometers in the individual horns, is less than 1%, while it is 5% to 8% for the different beams of complementary pairs of horns designed for the polarization measurements.
Compact representations of the IQU V patterns by a few parameters of the elliptical Gaussian fitting function are found. This approximation is generally considered as acceptable from the scientific viewpoint, although we show that induced errors are far from negligible.
New simulation technique proves indispensable for multi-reflector systems with a very wide field of view, large number of beams and complicated structure of propagating waves, when efficient and rigorous simulations of the main beams are needed. 
